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Abstract 

Microlocal defect functionals (H-measures, H-distributions, semiclassical measures, 
etc.) are objects which determine, in some sense, the lack of strong compactness for 
weakly convergent sequences. Recently, Luc Tartar introduced one-scale H-measures, 
a generalisation of H-measures with a characteristic length, which also comprehend the 
notion of semiclassical measures. 

We present a self-contained introduction to one-scale H-measures, carrying out some 
alternative proofs, and strengthening some results, comparing these objects to known 
microlocal defect functionals. Furthermore, we improve and generalise Tartar’s localisa¬ 
tion principle for these objects from which we are able to derive the known localisation 
principles for both H-measures and semiclassical measures. Moreover, we develop a 
variant of compactness by compensation suitable for equations with a characteristic 
length. 
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1. Introduction 


Overview 

In various situations concerning partial differential equations one often encounters weakly 
converging sequences, which do not converge strongly. For such a sequence (un) it is natural to 
consider a bounded sequence |unP which, in general, does not converge weakly in L^, but only 
weakly * in the space of bounded Radon measures (Aib = Cq), to a defect measure u. 

Essentially, there are two distinctive types of non-compact sequences, with typical defect 
measures u (for these two examples we fix G C(f’(R'^) such that ||v?||L 2 (RtJ) = 1, ^ O"'', and 

note that in both cases below one has Un —^ 0): 

a) concentration: Un(x) := ), where ly = and 

27rix-$ 

b) oscillation: Un(x) := (p(x)e , where i/is actually equal to |(/9pA (i.e. to the measure having 

density \(p\^ with respect to the Lebesgue measure A on R'^). 

However, defect measures are not enough to completely determine the difference between various 
non-compact sequences (e.g. the direction and frequency of oscillations). This lack of information 
could be (partially) overcome by introducing objects in full phase space such as H-measures and 
semiclassical measures. 

H-measures, as originally introduced a quarter of century ago by Luc Tartar [26] and (inde¬ 
pendently) Patrick Gerard [14], are Radon measures on the cospherical bundle H x over a 
domain H C R'^. Since their introduction they saw quite a number of successful applications, 
many of which depend on the so called localisation principle, which is closely related to the gen¬ 
eralisation of compactness by compensation method to variable coefficients. Let us mention the 
applications to small-amplitude homogenisation [26, 3], to the control theory [10, 20], to explicit 
formulae and bounds in homogenisation [26, 4], to the existence of entropy solutions in the the¬ 
ory of conservation laws [23], and the velocity averaging results [14, 19]. This property is also 
crucial in applications of the propagation principle, as it allows certain control over the support 
of H-measure ([26, 1]) . 

Related to H-measures, but certainly different objects, are semiclassical measures first intro¬ 
duced by Gerard [15], and later renamed by Pierre-Luis Lions and Thierry Paul [21] as Wigner 
measures. They are Radon measures on the cotangential bundle H x R'^ over a domain H C R'^. 

In contrast to the H-measures, semiclassical measures depend upon characteristic length (cvn), 
ujn 0"*“, which makes them more suitable objects for the problems where such a characteris¬ 
tic length naturally appears, often related to highly oscillating problems for partial differential 
equations (such as the homogenisation limit [17, 21], to microlocal energy density for (semi) linear 
wave equation [16, 13], the semiclassical limit of Schrodinger equations [11, 29], or some other 
problems related to the quantum theory). 

While the localisation principle for semiclassical measures was mentioned already in the first 
papers [15, 21] (sometimes called also the elliptic regularity [10]), it has been playing a less 
prominent role in applications. 

In the next section we recall the definitions of both H-measures and semiclassical measures, 
state the corresponding localisation principles, and discuss their differences in the light of some 
examples. The third section is devoted to the objects recently introduced by Luc Tartar [27], 
which we call one-scale H-measures, in line with the term multi-scale H-measures used recently in 
[28]. As opposed to the historical approach in [27], we have chosen some variant proofs, and for 
the sake of completeness provided all the necessary details. The following section is dedicated to 
the localisation principle for one-scale H-measures, where we significantly extend Tartar’s result 
from [27]. In the last section we show how the localisation principles, both for H-measures and 
semiclassical measures, can be derived from the obtained corresponding principle for the one-scale 
H-measures. We also apply the localisation principle for one-scale H-measures in developing a 
variant of compactness by compensation suitable for equations containing a characteristic length. 
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Notation 

Throughout the paper we denote by (8* the tensor product of vectors on C^, defined by 
(a (8> b)v = (v • b)a, where • stands for the (complex) scalar product (a • b := djhi), resulting 
in [a (8* b]jj = aibj, while denotes the tensor product of functions in different variables. By (•, •) 
we denote any sesquilinear dual product, which we take to be antilinear in the first variable, and 
linear in the second. When matrix functions appear as both arguments in a dual product, we 
interpret it as (A,B) = /’B • A = J tr(BA*). In order to have all formulae written in matrix 
notation, we define dual product also for the case when matrix function appear in the first and 
scalar function in the second argument as {A,ip) = , ip)\ij. 

By 7r(^) := ill we denote the projection on Rf := \ {0} along rays to the unit sphere 

Srf-i_ open (closed) ball in R*^ or C’’ centred at point x with radius r > 0 we will denote by 
K(x,r) (K[x,r]). 

The Fourier transform, defined as u(^) := J^u(^) := e“^’^*^'^u(x) dx, and its inverse as 

(u)^(^) := .Fu(^) := e^^*^'^u(x) dx, allows for an elegant definition of Sobolev spaces on 

the whole space R*^, in particular those modelled on L^(R'^), which is sufficient for our present 
purpose. Indeed, for s G R we take 

H"(R‘^) := |n G 5' : (^I + G L2(R‘=')| , 

with the norm := ||(1 -|- 

However, in the sequel we shall also deal with functions defined on an open H C R*^. In order 
to apply the Fourier transform, as well as to simplify other arguments, we shall identify such a 
function by its extension by zero to the whole R'^. 

The local Sobolev spaces we are going to need are 

Hf„,(F!) := [u G P'(F!) : (V^ G Cfm G H*(R")} , 

with the above mentioned identification of a distribution and its extension by zero assumed. 
Naturally, HfQ^(H) will be endowed with the weakest topology in which every mapping u ^ ipu 
is continuous (cf. [5, p. 1207] and the references mentioned there). In particular, the space 
L^q^(H;C’') is equipped with the standard Frechet locally convex topology (cf. [2] and the ref¬ 
erences therein). Hence, a subset of L^q^(H;C’’) is bounded if and only if it is bounded in the 
sense of seminorms which generate the corresponding locally convex topology (which is a stronger 
notion then metric boundedness). 


2. Overview of H-measures and semiclassical measures 


H -measures 

For the sake of generality we shall deal with local spaces. In this context, the following 
theorem can be stated (cf. [14, Theorem 1] or [26, Theorem 1.1]): 

Theorem 1. (existence of H-measures) For a weakly converging sequence ^ 0 in 

C’’), there exists a subsequence (u„/) and an r x r hermitian non-negative matrix Radon 
measure jj-n on kl x such that for any ipi,ip 2 £ Cc(H) and V’ £ C(S'^“^) one has: 


= f <7’i(x):^2(x)V'(C)(i/i//(x,^). 


R'i 


OxS'*-! 


The above measure gin is called the H-measure associated to the (sub)sequence 


Ur,' 
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We shall often abuse the notation and terminology, assuming that we have already passed 
to a subsequence determining an H-measure. When the whole sequence admits the H-measure 
(i.e. the definition is valid without passing to a subsequence), we say that the sequence is pure. 

The corresponding defect measure of the weakly converging (towards 0) sequence (u„) can 
be obtained simply by integrating the H-measure with respect to the Fourier space variable 
As an immediate consequence we have that any H-measure associated to a strongly convergent 
sequence in is necessarily zero, and vice versa, if the H-measure is trivial, then the 

corresponding (sub)sequence converges strongly in C^). 

The majority of successful applications of H-measures use the localisation principle (cf. [26], 

[I])- 

Theorem 2. (localisation principle for H-measnres) Let ^ 0 in C*^), and let 

for a given m G N 

(2.1) ^ 5ct(A“u„)— >0 strongly in H[;["(H; C''), 


where A“ G C(H; Mqxr(C)) and da = denotes partial derivatives in variable x in the 

physical space. 

Then for the associated H-measure gin we have 

PprfJ'H ~ 0 ) 

where 

(2.2) Pp^(x,^):= X] 

\cy.\=m 

is the principal symbol of the differential operator in (2.1). ^ 

This result implies that the support of is contained in the set 

Sppr := {(x,^) G H X : rankpp^(x,^) < r| 

of points where ppr(x,^) is not left invertible. 

Remark 1. The main difference between Tartar’s and Gerard’s approach in the construction 
of H-measures is in the choice of the space of test functions. Tartar based the proof on a commu¬ 
tation lemma (known under the name First commutation lemma) for which only the continuity 
of test functions is sufficient. On the other hand, Gerard used the theory of pseudodifferential 
operators in which the commutation lemma is trivially obtained (the difference of pseudodiffer¬ 
ential operators of the same order and with the same principal symbol is compact), but requiring 
smooth test functions. ^ 

Recently, H-measures were extended in two directions: to parabolic H-measures [3, 5], 
adapted to a different scaling and projection tt, and to H-distributions [6], allowing the treatment 
of hP weakly converging sequences for p G (1, oo) (see also [25]). 

Semiclassical measures 

We present the existence result for semiclassical measures in a simpler, but equivalent form 
to the original Gerard’s definition [15], without introducing the notion of (semiclassical) pseu¬ 
dodifferential operators (cf. [27, Ghapter 32]). 
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Theorem 3. (existence of semiclassical measures) If (u„) is a bounded sequence in 
L^Q^(n;C’’), and (ujn) a sequence of positive numbers such that ojn —t 0^, then there exists a 

subsequence (□„/) and an r x r hermitian non-negative matrix Radon measure on fl x 

such that for any (pi,ip 2 £ C^(n) and V’ £ 5(R‘^) one has: 

lim / (g) d$, = {^Pi‘P 2 ) 'll)) 

= j V?l(x)<^2(x)V’(^)dAic"'^(x,C) . 

HxR'^ 

The above measure is called the semiclassical measure (with characteristic length (cUn')) 

associated to the (sub)sequence (un')- , 

Remark 2. For a bounded sequence in L^(r2;C’’), both the associated H-measure and the 
semiclassical measure are bounded Radon measures and formulm in Theorem 1 and Theorem 3 
make sense for ipi,ip 2 £ Co(n). i 

As it is done with H-measures, we shall often abuse the notation and terminology, assuming 
that we have already passed to a subsequence determining a semiclassical measure, and reduce 
the notation to figc = except in situations where it will not be clear which characteristic 

length do we use. When the whole sequence admits a semiclassical measure with characteristic 
length (uJn) (i.e. the definition is valid without passing to a subsequence), we say that the sequence 
is (u)n)-pure (in terms of semiclassical measures). 

In the definition of semiclassical measures it is not necessary that the observed sequence 
tends (weakly) to zero, contrary to the definition of H-measures. This is the case because here, 
due to the characteristic length (cUn), we have a stronger variant of the commutation lemma (see 
Lemma 2 in the next section). Consequently, in some situations semiclassical measures can be 
used not only to prove strong compactness of a sequence, but also to establish that the limit 
is zero. Moreover, we can decompose a semiclassical measure into two parts, one depending on 
the value of the limit, and the other associated to the sequence converging to zero. Namely, if 
Un —^ u in C^), then 

(2.3) psc = (u (g) u)A Kl do + Use , 

where Ugc is the semiclassical measure, with the same characteristic length as psc, associated to 
the sequence (u„ — u), while A is the Lebesgue measure in x, and 5o the Dirac mass in ^ = 0. 

In order to obtain the defect measure from a semiclassical measure, an additional assumption 
is required. First, recall that a sequence (u„) in Lj^q^(D;C^) is called (cOn)-oscillatory, where 
cjn ^ 0+, if for any ip G C^(D) 

lim lim sup / |^u^pd^ = 0. 

r-s-oo n J 

\i\> — 

iOn 


An interpretation of this property is that information of the observed sequence is on the scale not 
greater than ^ in the Fourier space, so the semiclassical measure with characteristic length {u)n) 
is able of capturing all the information and nothing is lost at infinity (cf. [13, Def. 3.3] and [17, 
Def. 1.6]). For example, sequences of concentration and oscillations from the introductory section 
are both (cun)-oscillatory if and only if lim^ ^ G (0,oo]. One can notice here certain ambiguity 
in terminology, suggesting that a concentration effect provides oscillations in some sense. 

If a sequence (u„) is bounded and (a;n)-oscillatory, then the corresponding defect measure can 
be obtained by integrating with respect to the Fourier space variable As an immediate 

consequence we have that, if for a bounded sequence (□„) in C^) there exists a sequence 
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{oJn), oJn —t 0^, such that (un) Is (a;n)-oscillatory and the semiclassical measure with characteristic 
length (wji) associated to (u„) is trivial, then (u„) converges strongly in C’’). 

As it was the case with H-measures, it is of great interest to localise the support of semiclas¬ 
sical measures. The statement of the following theorem is slightly different from those in [10, 15, 
21], as we have a system of differential relations, so the coefficients are matrix valued. Since the 
proof follows by minor modihcations of the usual proof, while in the sequel a more general result 
will be presented, we shall omit it. 

Theorem 4. (localisation principle for semiclassical measures) Let (u„) be bounded in 
C'’), ujn —)• O"*", and let for m G N 

^ ^ 0 strongly in L2^,(H;C^), 

\cx.\^m 

where A“ G Mgxr(C)). 

Then for the associated semiclassical measure fXsc = we have 

Pscfj-Jc = 0 , 

where 

Psc(x,^) := ^ (27riC)“A“(x). 

\ct\^m 


Analogously to the result for H-measures, this theorem constrains the support of Hsc within 
the set of points where the symbol Psc(x, has no left inverse. 

Relation between H-measures and semiclassical measures 

In order to compare the two types of objects, let us consider an elementary example where 
both the H-measure and the semiclassical measure can be explicitly calculated (cf. [27, Lemma 
32.2]). 

Example 1. (oscillation: one characteristic length) Let a > 0, k G Z'^\{0}, and consider 

n„(x) := ^ 0 in Lf„^(R'^) . 

The sequence (un) is pure and the associated H-measure is 

ixh = a KI . 

|k| 

Thus the H-measure contains important information on the direction of oscillation k. 

Furthermore, the sequence {un) is (a;n)-pure for any characteristic length (w^), and the cor¬ 
responding semiclassical measure depends on the characteristic length: 

{ (5o , hm„ n^ujn = 0 

5ck , lim„ = c G (0, oo) . 

0 , lim„ = oo 

Only in the case lim„n“a;„ G (0, oo), where the characteristic length of semiclassical measure is 
of the same order as the wavelength of the observed sequence, the corresponding semiclassical 
measure contains information on the direction of oscillation. However, contrary to the H-measure, 
which cannot comprehend the frequency, for every (a;„) the semiclassical measure contains infor¬ 
mation on the frequency of oscillation. ^ 

In the previous example one can notice that, in the case lim„n“a;n G (0,oo), the H-measure 
can be derived from the corresponding semiclassical measure by taking the projection to the unit 
sphere in the Fourier space. This can be justified by the well known result on the relation of the 
above measures [10, Proposition 4], [13, Lemma 3.4]. 
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Theorem 5. Let u„ —^ u in cOn —t O"'', and let (un) be (uJn)-pure with the 

corresponding semiclassical measure pLgc = 

If X {0}) = 0, then u = 0. Furthermore, if we additionally assume that (u„) is {oJn)- 

oscillatory, then the sequence (u„) is pure (in the sense of H-measures), and for any ip G 
and 'ip G one has: 

{pH, P^'lp) = {Psc, p^ipJOTv)) , 

where pn is the H-measure associated to (u„). ^ 

Going back to Example 1, it can be checked (either by straightforward calculation, or by using 
the interpretation of the (wn)-oscillatory property) that the sequence (un) is (a;n)-oscillatory in 
the case lim^n^cu^ £ [0, oo). Furthermore, with the exception of the case when this limit is zero, 
the set x {0} is of zero measure with respect to the corresponding semiclassical measure as 
well. Hence, by the previous theorem, the comment after Example 1 is justified. Moreover, we 
can see that the previous theorem is sharp, since in other two cases the H-measure cannot be 
derived from the semiclassical measure. 

Although one can think, after the above arguments, that semiclassical measures are more 
general objects then H-measures (taking into account all possible characteristic lengths), this is 
not the case. Indeed, it is not hard to construct an example in which (for any characteristic 
length) one of the assumptions of the previous theorem is not satisfied. 

Example 2. (oscillation: two characteristic lengths) Let 0 < a < /3, while k, s G Z'^\{0}, 
and define two weakly convergent sequences in Lj^q^(R‘^) 

u„(x) 

u„(x) ;= ^ 0 . 

We are interested in the measures associated to the sequence (un+Vn), which is pure and (a;,i)-pure 
for any characteristic length (a;„). 

The corresponding measures pn and are given by: 

' 26o , lim„ n^u)n = 0 

((5cs + (Jo) , hm„ = c G (0, oo) 

= A < do ) liain n^uin = oo &: lim„ n°‘u}n = 0 . 

Sck , hm„ n"a;n = c G (0, oo) 

, 0 , lim„ n“cjn = oo 

In neither of these cases the assumptions of the last theorem are satisfied, and one can not derive 
the H-measure from the semiclassical measure. ^ 

To conclude, we can say that semiclassical measures lose a part of information for some (or 
even all) characteristic lengths, while H-measures cannot catch frequency of an observed sequence. 
This was the motivation for Tartar to introduce a new object, the one-scale H-measure, that 
overcomes the shortcomings of the preceding tools, and which we study in the next sections. 

3. Tartar’s one-scale H-measures 

In the recent book [27, Chapter 32] Luc Tartar introduced improved objects, having the 
advantages of both H-measures and semiclassical measures, which he called H-measure variants 
with a characteristic length there. However, in line with [28], we call them one-scale H-measures 
in this paper. 
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Test functions 

While the theorems on existence of both H-measures and semiclassical measures have the 
same form, the crucial difference is in the choice of test functions in the Fourier space. In the 
former case functions from C(S'^“^) are chosen (in fact, the continuous functions on := R'^\{0} 
being homogeneous of order zero), while in the latter functions from the Schwartz space 5(R'^) 
are being used. 

For the new variant, test functions are taken to be continuous functions on a suitable com- 
pactification of Rf in the Fourier space. More precisely, following Tartar, we denote by Ko,oo(R-'^) 
the compactification of Rf obtained by placing two unit spheres, Sq at the origin, and Sqo at 
infinity, equipped with the topology making it homeomorphic to the d-dimensional spherical shell, 
as depicted on Figure 1. The points on these two spheres we denote by 0® and oo®, respectively, 
where e G 8“^“^ is the direction of the point (i.e. 0® and oo® are the endpoints of a ray passing 
through e). In the plane, Ko,oo(R-^) is homeomorphic to the closed annulus. 



Figure 1. Ko,oo(R.'^), the compactification of R*. 

As we have already seen in two previous examples, the semiclassical measures have a disad¬ 
vantage of losing information at infinity and mixing various pieces of information at the origin, 
which motivated Tartar to introduce this compactification. The idea is to capture lost data on 
So and Sqo (cf. Example 4 below). 

For the sake of simplicity, we shall use the same notation for functions ip on Ko^ooCH^) and 
their corresponding pullbacks = ipocr, where a is the embedding of Rf into Ko,oo(II'^)) while 
from the context it will be clear which object is used. 

According to the previous identification, the space C(Ko,oo(n'^)) can be interpreted as con¬ 
sisting of all continuous functions ip on R^ such that there are functions ipQ,ipoo £ C(S‘^“^) 
satisfying 


(3.1) 


V'(^)-V’o(|||) ^0, 1^1 ^0, 

V'(^) - V’oo(jli) 0, |4|-;>oo. 


Furthermore, for an arbitrary e G we have iPq{&) = "0(0®) and ipooi^) = ip{oo^). This notation 
will be kept throughout the paper: for an arbitrary function ip from C(Ko, 00 ( 11 “^)); with indices 
0 (ipo) and 00 (ipoo), we shall denote functions with the above properties . Equipped by the 
L°° norm, C(Ko,oo(R-‘^)) becomes a separable Banach space, even a Banach algebra with usual 
multiplication of functions. 

For Ip G C(Ko,oo(R-'^))5 Ip — ipo o -k is constant (with zero value) on Sq, so it can be extended 
by continuity to the origin. Hence, we can say that ip — ipoorr is contained in C„f,(R‘^) (the space 
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of bounded uniformly continuous functions on R'^), as both ■0 and o iv are bounded, while 
outside a sufficiently large compact set the difference can be approximated by (0oo — ^o) o tt- 
Moreover, if 00 is constant than we immediately have that 0 G 

The space Co(R'^) is continuously embedded in the space C(Ko,oo(R'^))- Indeed, a function 
0 G Co(R'^) is continuous at the origin and tends to zero at infinity, so for constants 0o = 0(0) 
and 0OO = 0, 0 satisfies the above conditions. It is even simpler to prove that 7r*(C(S'^“^)) := 
{0 O TT : 0 G C(S‘='-0} C(Ko, OO (R")), by taking 0o := 0 and 0oo := 0- This discussion we 
summarise in the form of a lemma. 

Lemma 1. 

i) Co(R‘=') C(Ko,oo(R'')), and 

ii) {0o7r : 0 G C(S''-i)}C(Ko,oo(R‘')). , 

As 5(R'^) “—)■ Co(R^), it follows that the space C(Ko,oo(R‘^)) subsumes the spaces of test 
functions for both H-measures and semiclassical measures. 

An example of a function from C(Ko,oo(R'^)) which is not entirely contained in Lemma 1 
and which will be important in the next section when discussing the localisation principle for 
one-scale H-measures, is given in the next example. 

Example 3. Let Z,m, G N and define 0“(C) := for a G N'^, / 0 |q!| 0 m. The cases 

\a\ = I and \a\ = m are of particular interest, as they are not necessarily contained in the above 
lemma. Let us show that 0“ is (a pullback of a function) in C(Ko,oo(R'^))- 

It is obvious that 0“ is continuous on R^. For I = m, is homogeneous of order zero, so 
Lemma 1 gives the statement. On the other hand, for Z 0 m — 1 we need to make an analysis in 
dependence on a. For |q:| = Z we have 0“(^) = while in the case |q:| 0 Z -|- 1, 0“ tends to 
zero at the origin, which implies 0“ = 0. At Soo we have an opposite situation. For |a| 0 m — 1, 
0“ tends to zero at infinity, which implies 0“ = 0, but 0^(^) = jlpr for |q:| = m. ^ 

Preliminary lemmata 

The existence result for one-scale H-measures, resembling the one for H-measures, relies on 
a variant of the First commutation lemma for which we introduce two basic types of operators. 
For 0 G Cuf,(R‘^), as well as for 0 G C(Ko,oo(R‘^)), one can define the Fourier multiplier operator: 

: L2(R‘^) ^ L2(R'^) , M^u:=(0u)^. 

The definition is justified, as in both cases ip is in L°°(R'^) (in the latter case, we assume that ip 
is first restricted to R^, and then interpreted as an L°° function). Also, for (f G L°°(R'^) by 

: L2(R'^) ^ l2(R‘=') , B^u := , 

we denote the operator of multiplication by ip. In both cases, the above operators are bounded 
on L^(R'^), with the norm equal to the L°° norm of 0, respectively <p. 

In [27, Lemma 32.4] the following result is given: 

Lemma 2. Let ip G Cu6(R'^), 0 G Co(R'^), ojn O"'', and denote ipn{0 ■= 0(wn^)- Then 
the commutator Cn ■= [By^,Ai(,„] = BipA^^ — A^^B^ tends to zero in the operator norm on 

Remark 3. Lemma 2 can be used to prove the known result for semiclassical measures given 
in Theorem 3 not only for (infinitely) smooth, but merely for continuous test functions both in 
the physical and Fourier space [cf. 28]. ^ 

In comparison to the classical First commutation lemma, where the commutator is only a 
compact operator, here we have the convergence in the uniform (operator) norm to zero. This 
would allow us to weaken the requirement that (u„) weakly converges to zero, allowing any limit 
if test functions were taken from Ct(6(R‘^) in the Fourier space. Unfortunately, functions from 
C(Ko,oo(R‘^)) are not continuous at the origin, therefore not in Ct(fe(R‘^), so we cannot avoid the 
additional assumption that the weak limit of the observed sequence is zero. For that reason the 
following variant of the previous lemma will be used in the definition of one-scale H-measures. 
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Lemma 3. Let il) G C(Ko,oo(R-‘^)); ^ £ Co(R'^), uin O"'', and denote ipni^) ■= Then 

the commutator can he expressed as a sum 

Cn ■= [B^p, = Cn + K , 

where K is a compact operator on L^(R‘^), while Cn —?• 0 in the operator norm on £(L^(R'^)). 
Dem. Since 

•^Ipn — T »4.^Q07r ; 

we have that Cn = ^^„-^oo7r] + [B^,A^qo-k\ =: Cn + K. As V’ - V’o o tt G C„b(R'^), we can 

apply Lemma 2 to this term in order to show Cn —t 0, while K = [R(^,is compact by 
the classical First commutation lemma [26, Lemma 1.7]. 

Q.E.D. 

In [27, Chapter 32] and [28] one can find the proof of existence of one-scale H-measures (albeit 
only for the weakly converging sequences in L^, and not in the local space), starting from the 
corresponding H-measure in one dimension more. In the same references one can find the idea 
of an alternative proof based on Tartar’s original proof [26], which uses the construction with 
Hilbert-Schmidt operators [26, Lemma 1.10]. As we need several modifications, we shall refrain 
from stating that the construction can be done along the same lines, and try to outline all the 
necessary steps. 

Another venue for the proof could be by using the Schwartz kernel theorem, but this would 
require introduction of a differential structure on Ko,oo(R^), and the space of distributions on it, 
which we choose to avoid here. However, it could be said that we are providing a version of the 
kernel theorem in this special case. 

Lemma 4. Let X and Y be open unit balls in Euclidean spaces (of dimension d and d'), and 
let B be a non-negative continuous bilinear form on Cc(^X) x Cc(H). Then there exists a Radon 
measure p G Xi{X x Y) such that 

(V/ G C,(X))(Vff G C,(y)) Bif,g) = {p,fmg). 

Furthermore, the above remains valid if we replace Cc by Cq, and Ai by Aih (the space of bounded 
Radon measures, i.e. the dual of Banach space Coj. 

Dem. I. Friedrichs mollihers and nested balls 

Following Tartar’s ideas, we take standard Friedrichs mollifiers 


{Mnf ){x) := f m„(x,x')/(x')dx', 
jRd 


where the kernel mn(x, x') := /3n(x — x'), while /9n(x) := n'^p{nx) and 

p{x) := C'xK(o,i)(x)e"i-l-i" , 

with C chosen such that f p = f pn = 1 (C depends on dimension d). 

These kernels are non-negative, continuous, supported in {(x, x') G A x A : |x — x'| ^ 
1/n}, and smoothing; in particular Mn maps Lebesgue functions into smooth ones (recall that 
we identify functions defined on subsets of R'’* to their continuation by zero to R'^). 

For an open unit ball A = K(0,1) in R'’* we have an increasing sequence of compacts Km 
contained in it, such that their union is the whole ball, while Km Y Int A^+i. For definiteness, 
let us take closed balls Km '■= K[0,1 — 1/m]. Recall that Cc(A) is a strict inductive limit of 

Banach spaces Cif^(A) := G Cc(A) : supp(^ C 

Of course, we can repeat the same construction on Y, obtaining operators Nn and kernels 
Tin, while the corresponding sequence of compacts we denote by Lm (we also write p'^, C instead 
of pn,C). 
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The continuity of B, as spaces Cc are strict inductive limits, can be expressed by the continuity 
of restrictions, i.e. by 

(3.2) 

(Vm G N)(3C^ > 0)(V/ G C;,^(X))(V5 G Cl^{Y)) \B{f,g)\ ^ • 

II. Construction of approximative Hilbert-Schmidt kernels 

Let us define a bilinear functional B^ : x L^(Lm) —t C by the relation B'^{f,g) := 

B{Mnf, Nng). Note that for n > m{m+l) the function M^f belongs to Cii-^(X), and similarly for 
N^g- Furthermore, we have the following estimate (by ojd we denote the volume of d-dimensional 
unit ball): 

\B^{f,g)\ = \B{Mnf,Nng)\ 

^ C'm-|-l||Afn/|lL°°(ii-„+i)ll-^n5'llL°°(L^+l) 

^ C'm-|-l||Pn|lL2(Rd)||/|lL2(ii-„)ll/5nllL2(R'*')ll5'llL2(L^) 

^ Cm+iCC'e 2 ||/||L2(if^)||9 '|Il2(l,„) > 

SO for any (large enough) n we have that B'^ is a continuous bilinear form on L^(iLm) x L^(Lm). 
Therefore, it can be represented by an operator T™ G £(L^(iLm); L^(Lm)) in the sense that 

{TTl,g) = B'::{f,g) = B{Mnf,Nng) . 

Of course, T™ is not uniformly bounded with respect to n. 

The operators Mn and Nn are Hilbert-Schmidt operators, with corresponding kernels rUn and 
Un (for standard material on Hilbert-Schmidt operators the reader might consult [7, Chapter 12]). 
If we restrict operator to in the sense that we also restrict the resulting function to 

Km, we again obtain a Hilbert-Schmidt operator M™, with kernel equal to restricted to 
Km X Km- As T™ is a bounded operator, the composition is again a Hilbert-Schmidt 

operator, but from L‘^{Km) to L‘^{Lm), with a kernel which we denote by A:™ G L^{Km x Lm)- 

III. Positivity and boundedness of approximative Hilbert-Schmidt kernels 

Since Mn and Nn are positive operators, for non-negative functions / and g we have that 

{Wf,g) = B{Mnf,Nng)^0, 

so T™ is a positive operator, thus as well, which implies that its kernel A™ ^ 0. 

On the other hand, for constants 1 on compacts Km and Lm we have: 

0 ^ (rrM-Xi^™,XL^) = B{MnM::xKn.,NnXLj 

= \B{MnM::^XKn.,NnXLj\ 

^ Cm+l\\MnMn XKrn\\h°°(Y) ^ ^m+l ■ 

Note that Ml^XKm is identical to 1 on Km-i, while supported in Km- Further, MnMJ^XKm is 
identical to 1 on Km -2 (here we need to take m ^ 4), and supported in Km+i- For NnXLm 
similarly have that it is equal to 1 on Lm-i, while it is supported in Lm+i- Therefore, the 
norms in the above inequality are both equal to 1. 

In particular, from the above we can conclude that \\k'^\\i,i(^KmxLm) ^ ^m+i- It might be of 
interest to notice that positivity was crucial in obtaining the boundedness. 

IV. Passage to the limit 

By the continuity of bilinear form, for m large enough we get 

(3.3) B{f, g) = hm H(M„M™/, Nng) = lim(T™M-/, g) = lim(C, f ^ q) - 

n n n 

Indeed, take / G Cc{X) and g G Cc(Y). Naturally, for some large enough m, supp/ C Km-i 
and supp^f C Lm-i, so we have / G 9 ^ Cl™_i(I^)- By standard properties of 
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mollifiers, the latter immediately implies that NnQ —t g in the space Gl^{Y). For the former, 
we first notice that —)■ / in Cii-„(X), thus hn '■= M^f — f —)■ 0 in the same space. 

Therefore 

|(M„/in)(x)| ^ / p„(x - y)|h„(y)|(iy < e / p„(x - y)(iy ^ e , 

Km Km 

for riQ such that sup^gx |/i„(x)| < e, which furnishes the proof of (3.3). 

As the sequence (A:™)nGN is bounded in x Tm-i) by Cm+i (actually, here we con¬ 

sider the restrictions of /c™ to iFm-i x L^-i, without unnecessarily reflecting that in the notation; 
this restriction is needed in order to use (3.3)), it is weakly * precompact in the space of bounded 
Radon measures. Since any accumulation point satisfies (3.3), they all coincide on tensor prod¬ 
ucts, so by density also on C(Km-i x Lm-i)- Therefore the accumulation point is unique, and 
the whole sequence /c™ converges to a non-negative Radon measure; let us denote it by 

Clearly, by (3.3) again, we have that and coincide on C{Km-i x Lm-i), so for any 

G Cc{X X Y) we can dehne fi by 

(M,<h) := 

for any m such that supp<l> C Km-i x Lm-i, and the dehnition is good, thus obtaining a non¬ 
negative unbounded Radon measure on X x Y. This measure is indeed a representation of 
bilinear functional B. 


Furthermore, if R is a non-negative continuous bilinear form on Co(X) x Co(T), then the 
sequence of kernels (kJ^) is uniformly bounded in the space L^{Km x Lm) both in n and m (as 
in this case one constant Cq is good for any m in (3.2)), thus is also uniformly bounded in 
m which shows that ^ is a bounded Radon measure. 

Q.E.D. 


In fact, we want to apply the above lemma to a bilinear form on Cc(fl) x C(Ko,oo(R'^))- To 

this end, we can consider both and Ko,oo(R‘^) as (nice) topological manifolds (for standard 

material on manifolds the reader might consult [18, Chapter XXII]), which can be covered by a 

countable atlas (even finite for the compact Ko,oo(R‘^)), with the image of charts being the unit 

balls in the Euclidean space (for the Ko,oo(R‘^)) which is a manifold with boundary, some charts 

have unit semiballs K+(0,1) := {x G K(0,1) : ^ 0} as images). The coordinate patches on 

both Q and Ko,oo(R^) can be chosen in such a way that any compact set contained in the manifold 

intersects only a hnite number of patches. In such an open cover we can inscribe a partition of 

unity, thus reducing the problem to the local one, considered in the lemma. 

However, for the manifold with boundary Ko,oo(R'^); some coordinate images might be 

semiballs K^(0,1), for which we first introduce an extended bilinear form B on Cc(K(0,1)) x 

Cc(K(0,1)) by B{f,g) := B{f,g\ ), and then apply Lemma 4 obtaining measure jl on 

|K'^(0,1) 

K(0,1) X K(0,1). Then we dehne 

(^, 4 >) := (/ 2 ,$) , 


where is an extension of by rehection to the lower semiball in the second argument. 

The above discussion, which can easily be expressed in terms of general manifolds X and Y 
instead of H and Ko,oo(R'^); we summarise as a lemma. 


Lemma 5. Let X and Y be two HausdorS second countable topological manifolds (with or 
without a boundary), and let B be a non-negative continuous bilinear form on Cc{X) x Cc{Y). 
Then the conclusions of Lemma 4 hold. 


The existence 

Similarly as we have done in the proof of Lemma 4 (for open unit ball X), let us denote by 
(Km) a sequence of compacts in which exhaust fl; more precisely, such that Km T Int iL^+i 
and Um-^m ~ recall that C[f’(n) is a strict inductive limit of spaces Cii-„(H). Moreover, 

note that each Cx^(n) (with appropriate restriction to Km) is a closed subspace of separable 
Banach space C{Km), therefore separable itself. 
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Theorem 6. (existence of one-scale H-measnres) If ^ 0 in C^) and ojn —t 0^, 

then there exists a subsequence (u^^) and an r xr hermitian non-negative matrix Radon measure 
t^Ko'l on fix Ko,oo(R"' ) such that for any cpi, ip 2 G Cc(n) and il) G C(Ko,oo(R-‘^)) one has: 

lim J (</5Tu;/(^) (g) = (/^Ko" 2 > ^ V’) 

R'i 

ttxKo,oo(R-‘*) 

The above measure is called the one-scale H-measure (with characteristic length (ca^/)) 

associated to the (sub)sequence (u„/). 

Dem. For simplicity, we shall omit writing explicitly the characteristic length of the one-scale 
H-measure in the proof. 

For any test functions ipi and :p 2 supported in a Km, and ip G C(Ko,oo(R-^)), by the Plancherel 
formula the following sequence of integrals is bounded: 


(3.4) 


R'i 






(limsup||u„||22(^^.^,,^)||<^i||L^(^^^||(^2|lL-(K^)l 


Il°°(R'*) 


hence we can pass to a subsequence converging to a limit satisfying the same bound. 

This passage should be done in such a way that we obtain a subsequence (u„/) good for 
any choice of test functions. The space C(Ko,oo(R'^)) is a separable Banach space, so we can 
consider only a countable dense set of V' G C(Ko,oo(R-‘^)), and use the Cantor diagonal procedure. 
However, for Cc(fl) we cannot apply the same idea, even though it is separable. We have to 
consider separable Banach spaces of continuous functions with L°° norm, and then use the fact 
that the original space is a strict inductive limit of such spaces. 

Thus for each m G N we consider countable dense subsets of CKmi^) and C(Ko,oo(H'^)), and 
choose a subsequence of integrals in (3.4) that converge to a limit denoted by Ij{ifi,(p 2 ,ip) G M^xr; 
for any test functions from the chosen countable sets, and then by continuity for any :pi,(p 2 G 
CKmi^) and Ip G C(Ko,oo(H‘^))- The details in a similar setting could be found in the proof of 
[3, Theorem 6], so we omit them here. 

After choosing a good subsequence for m, we pass to a subsequence again for m-|-l. Applying 
the Cantor diagonal procedure once more, finally we arrive at a subsequence, denoted by n', which 
is good for any choice of test functions </^i, <^2 G Cc(i4) as well. 

Furthermore, L((^i, (^ 2 , V’) depends only on the product (piif 2 (not on both ipi and ip 2 indepen¬ 
dently). Indeed, according to Lemma 3 we have: —)■ 0 in L^(R‘^; C’’), 

hence by the Plancherel formula we have 



so we can define C{ipi:p 2 ,ip) '■= 'L{ipi,(p 2 ,ip)- In particular, if we take (p 2 to be equal to 1 on 
supp(/9i, by 

C{g:i,ip) = L{ipi,ip2,ip) 
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we define an r x r matrix, its entries being continuous bilinear forms on Cc(f^) x C(Ko,oo(R‘^))- 
For real functions (p and ijj we have that is a hermitian matrix. Indeed, 

c{(p,i>) = c{ip(p2,'iP) 

R'i 

= hm J <8) 

R'* 

where p 2 is again taken to be equal to 1 on the support of p. By the just proved hermitian 

property we have for Ai, A 2 G and real p G Cc(fl) and G C(Ko,oo(R-'^)) that 

(3.5) 

2Re {C{p, V')Ai • A 2 ) = C{p, V')(Ai A 2 ) • (Ai A 2 ) - C{p, V’)Ai • Ai - C{(p, V’)A 2 • A 2 , 

21m (£(^9, V')Ai • A 2 ) = £(v 9, V')(Ai -b fA 2 ) • (Ai -b iX 2 ) - C{p,'ilj)Xi • Ai - £(^9, V')A 2 • A 2 . 

Moreover, for ^ ^ 0 and A G C’’ we have 


£((/9, V’)A • A = £(^^, V')A • A = hm f |^u„/(^) • ApV’(w„/^) ^ 0 . 

n' J 
R<^ 

Therefore, for any A G C’’ £(-,-)A • A is a non-negative continuous bilinear form on Cc(f2) x 
C(Ko,oo(B''^))- Hence, by Lemma 5 for any A G there exists i^x £ Ai{^l x Ko,oo(H.'^)) such that 

(V</9 G Ce(5d))(VV^ G C(Ko,oo(R''))) C{p,^l;)X • A = (z/a, ^ ^ V’) • 

Finally, let us define a matrix Radon measure Rkq.oo = [a^Kooo] 

f^®^Ko,oo •= - l^e,) , 

^Ko.oc •= , 

where vectors e*, i G l..r, form a canonical basis of C’’. By (3.5) we have that £ and Rko.oo 
coincide on real functions, and by linearity we have the same for arbitrary p G Cc(fl) and 
■0 G C(Ko,oo(R'^))- In addition, /xkq.oo inherits the hermitian and positivity property of £. 

Q.E.D. 

As with H-measures before, when there is no fear of ambiguity, we assume that we have 
already passed to a subsequence determining an one-scale H-measure, and reduce the notation 
to /xkq 00 ~ ^^Ko'^ • When the whole sequence admits an one-scale H-measure with characteristic 
length {ojn) (i-e. the definition is valid without passing to a subsequence), we say that the sequence 
is {ujn)-pure (in terms of one-scale H-measures). For the sake of simplicity, here we use the same 
notion as in the case with semiclassical measures, while in the situations where there will not be 
clear which definition is used, additional explanation will be given. Let us just emphasise that 
from Corollary 6 it will be clear that the property of a sequence being (a9n)-pure in terms of one- 
scale H-measures implies both that the sequence is pure and (wn)-pure in terms of semiclassical 
measures. 
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First properties 

An immediate consequence of the definition is the following simple localisation property. 

Corollary 1. Let PKqoo ^ one-scale H-measure with an arbitrary characteristic length, 
determined by the sequence (u„). If all components = u„ • e* have their supports in closed 
sets Ki C Ll (respectively), then the support of • e* is necessary contained in 

(AT, n K,) X Ko,oo(R‘'). 

Dem. For (pi G Cc(f^) such that supp(/9i C LI \ (Kj n Kj) we take (p 2 £ Cc(f^) being equal to 1 on 
the support of (pi and vanishing on Ki n Kj. Since both ipiu^ and ip 2 uh are zero, we have 

^ V') V’) 

= lim J ipiui^{$)ip 2 ui{$)^p{uJn^) = 0 , 


where V' £ C(Ko,oo(R'^)) is an arbitrary test function and (ujn) is the characteristic length of the 
measure. Thus we get the claim. 

Q.E.D. 

The more precise relation between supports of diagonal and non-diagonal elements is a con¬ 
sequence of the Cauchy-Schwartz-Bunjakovskij inequality. 

Corollary 2. Let pko oo ^ one-scale H-measure with an arbitrary characteristic length, 
determined by the sequence (u„). The support of ^ is contained in the intersection of supports 
of the corresponding diagonal elements Akqoo ^Kqoo’ 

®^PP^Ko,oc ^ supp^l^^^ n supp/i" ^ • 

Dem. Let (fi,g >2 £ Cc(f^) and V’ £ C(Ko,oo(lT'^))- By the definition of one-scale H-measures and 
the Cauchy-Schwartz-Bunjakovskij inequality we have 

^ V')! ^lim^SUp J 

lim j (^lim J |(/?iWn(^)PlV’l(wn^) 

R-i R'* 

= ^ l<^2p ^ IV’I), 

(Akooo’I'^iI^ ^ 1^1) =0or {p(l^^,\(p 2 \^m\'il;\) = 0 implies ^ V') = 0. 

Q.E.D. 

One-scale H-measures are in general associated to complex vector valued functions. However, 
if the observed sequence (u„) is real, the associated one-scale H-measure has an additional feature. 

Corollary 3. Let (u„) be an {ujn)-pure sequence in C^), and Pkq.oo corresponding 

one-scale H-measure. Then the sequence (u^) is {oJn)-pure with associated one-scale H-measure 
*ACo.oo> such that 1 ^ 0,00 (x,^) = (x,-^). 

In particular, a one-scale H-measure gKo.^a associated to a real scalar sequence is antipodally 
symmetric, i.e. /rKo,oo(x,^) = AKq.oo( x,-^)- 
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Dem. Let us take test functions £ Cc(f^) and ip G C(Ko,oo(R-^)), and calculate the 

one-scale H-measure associated to the sequence (u„). 


j (g) V92Un(^))V’(^^n^) =y ((<^1 Un)^(^) ® (</52Un)^(^)) V'(WnC) 






= / ( {(fiUnyi-Tj) ® {‘f2UnY{-'n))‘^i-^nV) dr] 


= J { ipiUniv) ® </32U„(t7) ) IpiuinT]) dr] , 

R'i 


where we made use of a change of variable (r/ = —^) in the second equality, while ip denotes the 
sign change in argument ^ (V'(^) = '0(~^))- Hence, the limit of the term on the left hand side 
exists and we have 


(*^Ko,oc>V?lV?2 ^ V') =(/^Ko,oc></^1V22 ^ V') 

= (AKo,oc , ^ = (Ako.cx, , V21<^2 ^ V’) • 

The last equality is a consequence of the hermitian property of one-scale H-measures. 

Q.E.D. 

If (un) is a weakly convergent sequence in C’’), then (g) is bounded in the space 

M^xr), thus on a subsequence converges weakly to a hermitian non-negative Radon mea¬ 
sure u (the defect measure). The relationship between one-scale H-measure and the defect mea¬ 
sure is given by the following corollary. 

Corollary 4. If u„ —^ 0 in is such that u„ (g) ^ r', the limit being in the 

space of Radon measures, then for any (p G Cc(H) 

{u,ip) = (/rKo,oo>^^l)> 

where pkq ao ^ one-scale H-measure with an arbitrary characteristic length associated to a 
(sub)sequence (□„). 

Dem. By inserting ^ = 1 in the definition of one-scale H-measures and using the Plancherel 
formula we get the claim. 

Q.E.D. 

From the previous corollary it is straightforward to conclude that a trivial one-scale H- 
measure of an arbitrary characteristic length implies strong convergence in Ll^{n-cn of the 
observed sequence. On the other hand, for a strongly convergent sequence the associated one- 
scale H-measure (of an arbitrary characteristic length) is trivial. Let us remember that for this 
property of semiclassical measures we need an additional assumption that the corresponding 
sequence is (wn)-oscillatory. As semiclassical measures associated to such sequences do not lose 
information at infinity (in the dual space), a simple characterisation of that assumption in terms 
of one-scale H-measures easily follows. 

Corollary 5. If u„ —^ 0 in L^^^(H;C^) is {ujn)-pure (in the sense of one-scale H-measures), 
then (H X Soo) = 0 if and only if (u^) is (cOn)-oscillatory. 

Dem. By definition we have the following equivalence 

t''RKo,oo(^xHoo) = 0 (V(/9 GCc(H)) j |v?(x)|2ys,^(|)dtr/rKo,oo(x,^) = 0, 

£2xKo,oo(R‘*) 
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where xEoo denotes the characteristic function of the sphere at oo in Ko,oo(R-‘^)- 

By C G C“(R^) let us denote a smooth cutoff function such that 0 ^ C ^ 1 and such that it 
is identically equal to 1 on K[0,1], while suppC ^ K(0,2). Further, we define Cm := C(m)- 

By the Lebesgue dominated convergence theorem, non-negativity of diagonal elements and 
the definition of one-scale H-measures for an arbitrary i G l..d we have 

0= J l</^(x)PxSoo(^)d/Ko,oo(^’^) =1™ J lv?(x)P(l - Cm(^))dfiSo,oo(^>^) 

f2xKo,oo (Rd) nxKo,oo(R‘*) 

= limlim f |v?<(^)|^(l - Cm(wn^)) 

m n J 

Rd 

^ lim sup lim sup / ^ d , 

m n J 

\ujn^\^2m 


where in the last step we have used the fact that suppCm ^ K(0,2m). Hence 


(Vi G l..d) 


lim lim sup 


I^IV — 

un 


l<i^<(C)PdC = 0, 


and therefore (u„) is (cUn)-oscillatory. 

The opposite implication follows from the estimate 


(Vi G l..d) 


y - Cm(wnO)d^ ^ j 


Q.E.D. 


We shall illustrate further advantages of one-scale H-measures by reconsidering sequences 
from examples 1 and 2. 

Example 4. The one-scale H-measure with characteristic length (w^) associated to the sequence 
(un) from Example 1 is given by 


,, (‘Vn ) 

d-Ko.oc 


AK < 




lim„ n“a;„ = 0 

lim„ n^LOn = c G (0, oo) 
lim„ n^ujn = oo 


Contrary to the semiclassical measure, one-scale H-measure contains information on the direction 
of oscillation for every characteristic length (ujn)- 

For the sequence {un + Vn) observed in Example 2, the associated one-scale H-measure with 
characteristic length (un) is given by 


o 

+ 

o 

, lim„ n^LOn = 0 

(do^+dcs) 

, lim„ n^ujn = c G (0, oo) 


, lim„ n^ujn = oo & lim„ n°^ujn = 0 

(dek -1- d ^) 

OO 1*1 

, lim„ n^LOn = c G (0, oo) 

(d tG + d if,-) 
oo oo I'l 

, lim„ n'^Un = oo 


It is important to notice that in both examples the respective H-measure can be derived from 
the one-scale H-measure with arbitrary characteristic length, which was not the case with the 
semiclassical measures. 
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By Lemma 1 and the known results for semiclassical and one-scale H-measures, we have 
that the semiclassical measure /x^c and the one-scale H-measure /^Kq.oo associated to the same 
(sub)sequence and with the same characteristic length, coincide on CJf’(H) x 5(R'^) under nec¬ 
essary assumptions that the weak limit of the observed (sub)sequence is zero. Of course, by 
continuity we can extend this conclusion to Cc(H) x Co(R'^). 

Analogously, by using Lemma 1 and the dehnitions of H-measures and one-scale H-measures, 
we have: 


(/^Ko,oo> ^ (V'o Tf)) = lim j ® V52Un(^))V’(7r(Wn^)) 

= lim J <8) {^PW 2 ) Kl V') , 


where (pi,(p 2 £ Cc(H) and 'll) G C(S'^“^) are arbitrary test functions, while the H-measure (j-h 
and the one-scale H-measure fJ-Ko^oo associated to the same (sub)sequence. In particular, 
this relationship justifies the name one-scale H-measure, as an H-measure with one characteristic 
length. Let us summarise the previous observations. 

Corollary 6 . Let ujn —O"'' and let fin, and be the H-measure, the semiclas¬ 

sical and the one-scale H-measure (respectively), associated to the same (sub)sequence, weakly 
converging to zero. Then for any choice of test functions ipi,ip 2 G Cc(R‘^) one has 
i) (VV' G C(S'^-^)) {p!'^)^^,{ipi(p2)M{'ll2 0'K)) = 

ii) (VV^ G Co(R'')) ^ V’) = (¥^ 1 ^ 2 ) ^ v^). , 

Remark 4. Although in the case when ^ u 7 ^ 0 in C^) we cannot associate one- 

scale H-measure to (u^), the limit of (sub)sequence of integrals in Theorem 6 can be explicitly 
calculated. Indeed, inserting = (u„ — u) -|- u, by Theorem 6 and the fact that the product of a 
weakly and a strongly converging sequence converges in C, we get 

where i^Kooo the one-scale H-measure associated to (u^ — u), and ipo G C(S'^“^) is defined by 
(3.1). Moreover, if we take V’ £ Co(R'^) (hence V’o = V’(O)) apply the Plancherel formula, 
by Corollary 6 the above resembles (2.3). Therefore, in the case when the limit of the observed 
sequence is known, we can reconstruct the semiclassical measure starting from the one-scale 
H -measure. 


4. Localisation principle 

Our next goal is to investigate the properties of one-scale H-measures determined by solutions 
to linear differential relations with variable coefficients. More precisely, we consider a sequence 
of systems of partial differential equations of order m G N with a characteristic length 

(4.1) eL“'“'5c.(A“u„)=f„, 


where (e^) is a bounded sequence of positive numbers, and I G 0..m. Our aim is to develop a 
localisation principle for the corresponding one-scale H-measure, and eventually to deduce the 
conditions implying strong convergence of (□„). 
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A notable condition 

To this effect we have to impose appropriate conditions on the terms entering (4.1). The 
characteristic length of the problem, expressed by the sequence (e^), naturally appears in the as¬ 
sumption on the convergence of the right hand side. Namely, for a sequence (fn) in C?), 

the following convergence turns out to be important 

(4.2) in 

where kn{$) := ■ 

Actually, the local version will turn out to be more natural; if the sequence (f„) belongs only 
to C^), we assume the local version of the above condition 

(4.3) (V<^gC“( 11)) -^0 in . 

I + kn 

The characterisation of the above convergence is given by the following lemma. 

Lemma 6. Let (e^) be a sequence of positive numbers. Then (4.2) is equivalent to 


in L2(R'=';C'?), 

i “T tin 

where hn{^) := 

Furthermore, if we additionally assume that there are Eq , Eqo > 0 such that Eq ^ £n ^ £00 ? 
then (4.2) is equivalent to the convergence in H“”^(R'^; C^). 

Dem. In order to prove the first statement, it is enough to show that is bounded on R*^ by 
positive constants both from below and above. Clearly, it is bounded above by 1 for I ^ m, while 
for / = m it is bounded by 2. From 

max{l,en|^|,..., (en|^|)™“'} = max{l, (£n|^|)™“'} , 


it follows that 1 -|- kn{^) = 1 -|- ^ 1 -|- (m — / l)/i„(^), which implies the lower 

bound. 

In order to deduce the second statement, it is enough to observe the following elementary 
estimate 


min{l,e(^”"} 


l + l^l 




^ max{l, Eq 


1 + I^P 


m—l I 
On 


i + |^( 


and to apply the sandwich theorem. 

Q.E.D. 

From the proof of the last lemma we conclude that if the sequence (En) is bounded from 
above, the condition (4.2) implies strong convergence to 0 in H“™'(R'^; C*^). On the other hand, 
the strong convergence in H“^(R‘^;C'?) is obviously a stronger notion than (4.2), implying that 
the latter is an intermediate convergence between those in and in this case. 

Further relations among the above convergences are provided under additional assumption 
that (fn) is an (e„)-oscillating sequence. More precisely, the following result holds. 

Theorem 7. Let (En) be a sequence in R"^, and (1,^) a sequence of vector functions in 
H“^(R'^;C'^) satisfying (4.2) (with m>l) and 


(4.4) 


lim limsup 




l + l^l 


= 0 . 


Then C 


0 in H-'(R'^;C‘?). 
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Dem. Let us split l|fn|lH-i(RtJ-c'?) integrals: 


/ 




d^ = 




l + l^l 


d^ + 




l + l^l 


d^. 


By (4.4) the first term on the right hand side is arbitrary small for r large enough (uniformly 
with respect to large enough n). For the second term we have 




l€l<, 


l + l^l 


d^ ^ 


f« 


I4I<; 


1 + l^r + e^ 


1 + 


l^n^l 


+ kn^l 




< 


{1 + r^-^ f J 


l + \$\^ + eT-% 




which by the assumptions goes to zero for every r as n —)• oo. 


Q.E.D. 


Remark 5. Let us note that for I = 0 relation (4.4) resembles the assumption of the Riesz- 
Kolmogorov compactness theorem [8, Section 4.5], whereas the latter one is stronger with no (e^) 
scale included. The localised variant of condition (4.4) (with replaced by ipfn for an arbitrary 
ip G 0^(14)) is just a weaker version of the (e^)-oscillatory property adapted to setting. ^ 

In general, we shall deal with precompact sequences, where k is an arbitrary integer 
between I and m, for which the following result holds. 


Lemma 7. Let (e^) be a sequence in R+ bounded from above, and (f^) a sequence of vector 
functions for some k G l..m strongly converging to f in the space H“^(R‘^; O'?). Then the sequence 
— f)) satisfies condition (4.2). 

If we additionally assume that £n converges to zero, then 

(4.5) 


pk /r 

'n 


L2 


1 kn 


i+RF’ 

0 , 


k = I 
k ^ I + 1 


Dem. Let Eoo > 0 be an upper bound for from the estimate 

4-'l(fn -?)($)! /4-'l(fn-f)(0l /^l(fn-f)(OI 

where C = max{l,e^*}, we get the claim. 

In order to prove the second statement, one rewrites the left hand side term of (4.5) by adding 
and subtracting f from f„. The term containing the difference fn — f converges strongly to zero 
by the first part of the lemma, while the limit of the remaining one is obtained by the Lebesgue 
dominated convergence theorem. 

Q.E.D. 


If (fn) satisfies (4.3), an application of the above results to pin, for an arbitrary p G C])°(I4), 
gives us that all the conclusions obtained for convergence (4.2) are also valid for its local coun¬ 
terpart (4.3), the only difference being the spaces H“^(R'^;C'^) replaced by their local versions 


The case a;„ = £n 

In the special case I = 1, Luc Tartar [27, Lemma 32.7] proved the localisation principle for 
one-scale H-measures with characteristic length equal to the characteristic length of the observed 
system (4.1). However, this result does not provide any information on the structure of one-scale 
H -measures on Sq. In the following theorems we extend that result to more general systems, 
simultaneously overcoming the mentioned shortcoming. 

First we present results for one-scale H-measures with characteristic length (uin) equal to the 
one of the system under consideration (like in Tartar’s approach), and later we generalise them 
to the case of an arbitrary characteristic length. 
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Theorem 8. Let ^ 0 in and satisfy (4.1), where A“ G C(r2; Mqxr(C)), 

En 0^, while (fn) is a sequence in C^) satisfying (4.3). 

Then the associated one-scale H-measure /ikq oo characteristic length (sn) satisfies: 

(4-6) 

where 

('1^7) Pi(x,{):= ^ (2rt)l°l A°(x), 

Dem. I. In the first step we localise (4.1) by multiplying it by a test function ip G With 

the aid of Lemma 8 below we get 

Our goal is to show that the terms with /3 7 ^ 0 on the left hand side of this equality satisfy the 
convergence condition (4.2), i.e. that we can subsume them under the right hand side. 

To this end, note that for given ex and {3 the sequence da-i 3 ({df 3 ip)A^Un) is supported in 
a fixed compact (supp(^), hence by the Rellich compactness theorem for /3 / 0 it is strongly 
precompact in H“I“I(R'^; C^). Thus by Lemma 7 we get that * 9 q,_^(( 9 ^(/ 9 )A“u„) satisfies 
(4.2). 

Therefore the above equality can be simplified into the form 
(4.8) ^ eifl“'5c,(A“v9u„) = , 


where sequence (f^) satisfies (4.2). 

II. Next we express the convergence in the terms of convergence in L^(R'^; C^): by applying the 

Fourier transform to (4.8), and multiplying the whole equality by ——j— 

1+lsl H"£’n 1^1 




l + |^P + en“Uh 


l + |<^P + en“'|<^h 


By the assumption, after applying Lemma 6 , the right hand side tends to 0 strongly in L^(R‘^; C^), 
so the same holds for the left hand side. Moreover, by Lemma 9 below we also obtain that 


Y 


l«L 


\0L\-lfC 

s 


I 


1 ^ 1 '+ e: 


-A°‘(pUr 


0 in l 2 (R‘^;C«). 


Indeed, for |^| ^ r we have ^ r\ while 


\ol\—I^C 

Sn Z 




If 

^ . ^ 1 , 


1 + knC 


\m—l 


which justifies the application of Lemma 9. 

III. In order to introduce one-scale H-measures, we rewrite the last sum as 


E ( 2 V)'“' 


(gn^)*^ 
en$\^ + 


A^ipUn 


in 


L 2 (R‘=';C«), 
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where the function ^ i—)■ belongs to C(Ko,oo(R'‘^)) (see Example 3). 

After multiplying the above sum by 'ip{en-), where V' £ C(Ko,oo(R-‘^)), and forming a tensor 
product with ifiUn, for ifi G C^(r2), the definition of one-scale H-measures implies 

{sn^r 


0=lim/ 

^ J-Rd ' ^ 


a\_ 




+ kn^l 


-A^^ipUf 


ipiUn d$, 


( 27 rf)l 


«l- 


I^P + I^I 




In particular, by choosing (pi to be 1 on the support of ip and using the hermitian property of 
/iKo oo) the claim. 

Q.E.D. 

Lemma 8. For any ol G Nq, (p G and a distribution S G V'{Ft) one has: 


ipd^S= Y (-!)""( 

0^/3^a 


V/3 


9a—f3 


The proof of this lemma follows directly from the generalised Leibniz rule. 

Next lemma is a generalisation of [4, Lemma 3]. 

Lemma 9. Let (f^) he a sequence of measurable vector functions on and (/i„) a sequence 
of positive scalar functions which are uniformly bounded from below outside an arbitrary neigh¬ 
bourhood of the origin, i.e. which satisfy 

(Vr > 0)(3(7 > 0)(Vn G N)(V^ G R‘^\K(0,r)) hni$) ^C. 

Furthermore, let (u„) be a bounded sequence in L^(R'^; C’’) n L^(R'^;C^), such that 


f« 


1 F hfj 


0 in L2(R'^) . 


If {hn\In\j is equiintegrable, i.e. 


(Ve > 0)(3(J > 0)(Vn G N)(VA G H) X{A) < 6 


hr] 


< e, 


where B denotes the Borel a-algebra and A the Lebesgue measure on R'^, then we also have 

fn . 

7— • Un 
hn 


0 in l 2(R‘^) . 


Dem. By the continuity of Fourier transform from to L°°, S := sup„ ||un||L°° is finite. From 
the equiintegrability of {h~‘^\fn\‘^) we have that for given e > 0 we can take a ball K = K(0, r) 


such that 

Thus we get 


'n^fn||L2(X;C^) 


^ 2S- 


hn 


< 


LFK) 


hr. 


L^(K-,CF 


kn||L”(R'i;C’’) < 2 


and in order to prove the lemma it remains to estimate the same term over R*^ \ K. 
By uniform boundedness from below, for C = 1/C -|- 1, outside K we have 


|fn ■ Un| ^ ^|fn ■ Or 


hr 


1 F hr 


implying 


hr 




L^(Rd\K) 


1 F hr 




L2(Rrf\X) 


1 F hr 


L2(Rrf) 


As the last term above tends to 0 by assumption, there is an no G N such that for any n ^ no 
we have \\j/^ • u„||L2(Rd) < 

Q.E.D. 
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The localisation principle has been obtained under the assumption on the right hand side 
(4.3), which is adapted to the problem under consideration. However, we shall prove that the 
assumed convergence is also a necessary condition, similarly as it was the case with the localisation 
principle for H-measures [27, Lemma 28.18]. 

Theorem 9. Let ^ 0 in C’’) define one-scale H-measure //Kq cxj the character¬ 

istic length {Sn), and A“ G C(H;Mqxr(C)) for ^ ^ |q;| ^ m. 

If the conclusion of previous theorem holds, then (4.3) must also hold, with being defined 
by (4.1). 

Dem. By part I of the proof of Theorem 8 and Lemma 6 it is equivalent to prove that for an 
arbitrary cp G C^(H) 

1 hn 

in L^(R‘^;C'^). Moreover, after applying the Fourier transform and taking into account simple 
inequality 1 -|- -t- ^ 1^1^ + it is sufficient to show that 


w„ := 






iCP + kn^[ 


VUr 


in L^(R'^; C^). However, by the definition of one-scale H-measure we have 

lim j Wn^Wnd$ = \ip\^ Kl = 0 , 

where in the last equality we have used the assumption (4.6), with pi given by (4.7), which 
completes the proof. 

Q.E.D. 

Let us now go back to our main result. Theorem 8, which easily extends to the case where 
the coefficients suitably depend on n. 

Corollary 7. Under the same assumptions on (f„) and (Sn) as in Theorem 8, for u„ —^ 0 in 
L^q^(H; C’’) additionally assume that 

(4.9) el“Ha^(A“uO=fn, 

where A“ G C(H; Mqxr(C)), such that for any a the sequence A“ —)■ A“ in the space 
C(H;Mqxr(C)) (in other words, A“ converges locally uniformly to A“j. Then we obtain the 
same conclusion as in Theorem 8, with the same symbol given by (4.7). 

Dem. It is enough to prove that 


el“l-'9„((A“-A“)u„) 


satisfies the convergence condition for the right hand side (4.3). As (A“ — A“)u„ strongly 
converges to 0 in L^q^(H;C'^), so 9q,^(A“ — A“)un^ strongly converges to 0 in Hj^J“'(H; C?), 
hence by Lemma 7 we have the claim. 


Q.E.D. 
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Remark 6. The powers of scale (e^) in (4.9) strictly follow the order of derivatives (up to 
constant 1). However, by a slight modification of the convergence assumption on the right side, 
the above result easily extends to equations allowing more general relations between these terms. 
Namely, let us suppose that we start with the equalities 

with G R . Multiplication of the above relation by £~^, where 6 := min(5Q,, implies 

((4“"'^A“)u„) = £-^fn . 


For sequence (fn) we assume that (e“'^fn) satisfies (4.3), which is a stronger assumption for <5 > 0, 
and weaker for (5 < 0, compared to the assumptions of the last corollary. Its application finally 
provides the localisation result (with symbol pi not containing terms for which 6a > S). 


The case c := lim„ ^ G [0, ool 

UJri L ' J 

Theorem 10. Let u„ —^ 0 in L^qj,(H;C^) and satisfy (4.9), where A“ —)■ A“ in the space 
C(H; Mqxr(C)), while (f^) is a sequence in C^) satisfying (4.3). 

If (£n) and {ojn) are sequences of positive numbers such that c = lim„ ^ exists (in [0, oo] j, 

then the associated one-scale H-measure satisfies: 

“Uo.oo 

(4.10) 


where with respect to the value of c we have 

a) c = 0: 

(4.11) Po(x,^) := Y ^ > 

|a|=Z 

b) c G (0,oo); 

(4.12) P=(x,«:= E (2^ric)l°l ^ „ A°(x). 

l^\ct\^7n 


c) c = oo: 


(4.13) 


Poo(x,^) := Y 
\ct\=m 


i^r + ici 


-A“(x) 


Dem. In both (a) and (b) cases, by rewriting (4.9) we infer 

a;H-'9„(B“uO = fn 


( \ |a|-^ 

where B“ ■= [^) A“. As for n large enough there is k > 0 such that ujn > K£n, it can been 

easily seen that the right hand side also satisfies 




_^fn_ 

i + icr+cu)r-'i€r 


in L2(R"';C‘?). 
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Taking into account Corollary 7, and the fact that B“ converges to (in particular to 

A“ for c = 0 and |q;| = 1), we get the claim. 

/ \ m—l 

c) After multiplying (4.9) by ( ^ j , we obtain 


/ \m—| q:| / \m—l 

where B“ ■= [^) while Sn ■= (^) fn- In order to apply Corollary 7 it remains to 

check the condition satisfied by the right hand side 
For Lf G C(f’(n) we have 

\V>gn\ ^ 

I + \^\^ + 

< 


( \ m—l 

(i + l^n + e: 


m—l I 




0 in L2(R<^), 


where the last inequality is valid for sufficiently large n. Thus Corollary 7, together with the fact 
that B" converges to zero for |q!| ^ m — 1, provides the claim. 

Q.E.D. 

Remark 7. Note that for c = 0 and c = oo (with I < m) the previous theorem does not provide 
any information about the structure of one-scale H-measure on Eqo and Sq, respectively. This is 
caused by the fact that (4.11) is zero on Soo, while (4.13) vanishes on Sq. i 

Part (c) of the previous theorem, in the special case when (e„) is bounded by positive con¬ 
stants both from below and above, can be improved as a consequence of Lemma 6. 

Theorem 11. Under the assumptions of Theorem 10 for c = oo, additionally assume that 
0 < £o ^ ^ £oo ■ Then the associated one-scale H-measure satisfies: 


Ppr 



T 


= 0 , 


where 

(2-2) Pp^(x,C)= X] 

\Q.\=m 


Dem. Without loosing generality, we may assume that the coefficients do not depend on n, 
i.e. A“ = A“. The general case can be treated as in Corollary 7. 

By repeating part I of the proof of Theorem 8, we get (4.8). We aim to show that the 
lower order terms converge to zero in the sense of (the right hand side) convergence (4.2). In 
fact, Lemma 6 additionally gives us that fn converges to 0 in H“™'(R'^; C*^), same as terms 
*9a((/^A“un) for |a| < m. This implies 

Y ^n~'dc{A^:pUn)^0 in H-"^(R‘';C'?), 

\ct\=m 

and further 

\a\=m 
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as Sn > £o- Furthermore, Lemma 9 gives us 

E ^ 0 in L 2 (R'^; O'?). 

\Q.\=m 

After forming the tensor product with 'ip{u)n-)^PiUn, where V’ £ C(Ko,oo(R'^)), £ C^(r2), and 

integrating, we obtain 



As If I is arbitrary, we can choose it equal to 1 on supp ip, which gives the claim. 

Q.E.D. 

Let us note that in the previous proof we have not assumed that (e„) has a unique accumu¬ 
lation point. 

Theorem 11 is an improvement over Theorem 10(c) indeed, as the symbol (2.2) does not 
vanish on the sphere Sq in the compactified domain Ko,oo(I^^)) as it was the case with symbol 
(4.13). In such a way it provides information on the structure of the considered one-scale H- 
measure on its entire domain. 

Remark 8 . If ^ u 7 ^ 0 in L^^^(II; C’’), we cannot associate a one-scale H-measure to (u„), 
but, like in [27, Theorem 28.7], we can still derive the localisation principle for corresponding null 
sequence (□„ — u). Namely, let satisfy (4.9), where A“ converges to A“ in C(II; Mqxr(C)), let 

£n —^ 0^, and let f^ G Hj“™(II; C^) be such that for any ip G C[T(II), is precompact in the 
strong topology of L^(R‘^; O'?). 

As in the first step of the proof of Theorem 8 we localise the equation by multiplying it by 
p G C[f’(H) in order to get 

E 4“'"'5«(A“(^U„) = h,n , 

where 

h,n--=P^n- E E . 

0fl3^ct 

Since cIq,-/ 3 ^(< 9 / 3 </ 3 )A“uji^ —)■ ^(9^(/?)A“u^ in H“I“I(R‘^; C^), by Lemma 7 and the assump¬ 

tion on (f„), we have that is precompact in the strong topology of L^(R'^; C^). 

Next, after subtracting X]zj 5 |a|<m*<9 q,(A“(/?u) in the localised equation, by the linearity 
of differential operator on the left hand side, u„ is replaced by — u, so the whole left hand 
side converges to zero in the sense of distributions. On the other hand, on the right hand side 

we obtained a sequence (f 2 ,n) which still satisfies that 4 ^ is precompact, while f 2 ,n —^ 0 in 
the sense of distributions. By Lemma 10 below we get that (f 2 ,n) satisfies (4.2). Hence all the 
assumptions of Theorem 10 are satisfied and the one-scale H-measure associated to (u„ — u) 
satisfies (4.10). 


Lemma 10. Let 0^ and let (f^) be a sequence of vector functions from H“”^(R‘^; C*^) such 
that is precompact in the strong topology of L^(R'^; C^). Then there exists a subsequence 
(f„/) and an f G H“^(R'^; C^) such that 


1 -|- kn' 
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0 in the sense of distributions, then f = 0 and the whole 


in L^(R'^; C^). In particular, if 
sequence (f^) satisfies (4.2). 

Dem. By the assumptions, there exists a subsequence (In') and F G L^(R'^;C’’) such that 
F in L^(R'^;C'^). By using the Lebesgue dominated convergence theorem it follows 

that 

fn' - f 

— -> 0 

1 -F kn' 


in L^(R'^; C^), with f := |^|*)F^ GH ^(R‘^;C'^). By the remark after Lemma 6 , the above 

implies f„/ —)■ f in H“™(R‘^; C^). 

If in addition we have that In —^ 0 in the sense of distribution, then by the uniqueness of 
the limit, f = 0 and hence (f„/) satisfies (4.2). Since this holds for every subsequence the claim 
follows. 

Q.E.D. 


5. Some applications 


Localisation principles revisited 

As we have already noticed, from the one-scale H-measure one can get both the corresponding 
semiclassical measure, as well as the corresponding H-measure. In the following corollaries we 
show that the localisation principles for these two objects are also consequences of the localisation 
principle for one-scale H-measures. 

Corollary 8. (localisation principle for H-measures) Under the assumptions of Theorem 
11 one has the conclusion of Theorem 2. 

Dem. Since the symbol (2.2) is homogeneous of order zero in by Theorem 11 and Corollary 
6 we get the claim. 

Q.E.D. 

The statement of the previous corollary is more general then the one of Theorem 2 since 
it allows for coefficients depending on n in the system under consideration. However, such a 
generalisation can also be obtained directly, by using the standard techniques for H-measures and 
the approach presented in Corollary 7. 

Corollary 9. (localisation principle for semiclassical measures) Under the assumptions 
of Theorem 10 we have 

where psc is a semiclassical measure with characteristic length (ujn) associated to the sequence 
(u„), while 


P(x,^) 


E|c.|=;(2vri)'eA“(x) 

Ez^|o|^™(2vrzc)l“leA“(x) 

E|c.|=„^(2v^^)”^rA“(x) 


lim„ 


= 0 


lim 


= cG ( 0 ,oo) 
^ = OO 


Dem. Let limn ^ = c G (0,oo). For i) G 5(R'^) we have that ^ -F |^|™')V’(^) is in 

C(Ko, oo (R")), so after applying the localisation principle, i.e. Theorem 10(b), to (/9KI(|^|^-F|^|"^)V', 
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for (p G Cc(f^) one obtains 


0 = ( X] 


|a|_ 




i^r + i^i 


l^\ct\^m 


E 


H'sc^ 


(27ric)l“l(/9 Kl ^^'0) = 



(27ric)l^lrA" 


t^sci ^ 


I 


where in the third equality the fact that £ 5(R'^) was used, as well as Corollary 6. 

The cases lim„ -^ = 0 and lini„ ^ = oo follow in the same manner. 

CiJn Cdn 

Q.E.D. 

The theory of semiclassical measures was developed by means of pseudodifferential calculus 
which requires smooth test functions. That was the main obstruction to weaker assumptions 
on the coefficients of the observed system. Following Tartar’s approach, the theory of one scale 
H -measures is constructed without the smoothness assumption, thus enabling us to generalise 
existing results for semiclassical measures to merely continuous functions without any technical 
difficulties. Furthermore, another improvement is based on the convergence of the right hand side 
(4.3), which is weaker than convergence required in Theorem 4. 

In addition. Corollary 9 provides a complete analysis of dependence on the relation between 
characteristic lengths of semiclassical measures and systems. This is useful in situations where 
the characteristic length of the observed problem cannot be easily identified, or where the same 
measure has to be applied to two (or more) systems with different characteristic scales. 

Let us stress once more that in Theorem 4 the statement was valid for an arbitrary bounded 
sequence in L^^^, which has not been the case in the previous theorem. However, according to 
Remark 8 at the end of the previous section, we can still obtain information about the semiclassical 
measure associated to (u^ — u), where u„ ^ u. Furthermore, this result is not weaker then the 
result of Theorem 4 since (u (8) u)A Kl do cancels all the terms of symbol p^c from Theorem 4. 
Indeed, nontrivial is only the fact that A°(u (S> u)A do = 0; which is a consequence of A’^u = 0, 
following from the assumptions of Theorem 4. 

Compactness by compensation with a characteristic length 

One of the main purposes of one-scale H-measures, like of all microlocal defect tools, is to 
investigate conditions resulting in strong convergence of a bounded sequence under consid¬ 
eration. Hereby, localisation principles presented above play a significant role as they, possibly 
accompanied by some additional information, enable one to deduce that a (component of) mea¬ 
sure pko cx) associated to u„ is trivial. This implies then either strong convergence of (rt(j) 
(for a zero diagonal component) or vague convergence of (ul^ui) (for a vanishing corresponding 
off-diagonal element). In the following example we shall present such a result obtained by the 
localisation principle derived in the previous section. 

Example 5. Let fi C be open, and let Un := (u^,u^) 


0 in Lj^Q^(n;C^) satisfies 


+ £nda:,(aiU^) = 

Un + £ndx2{o,2Un) = /„ 


where Sn O'*', := {fn, fn) ^ satisfies (4.3) (with Z = 0,m = 1), while ai,a 2 G 

C(II;R), ai, 02 / 0 everywhere. 

By the localisation principle for one-scale H-measure pkq oo with characteristic length (e^) 
(i.e. c = 1) associated to (u,i) we get the relation 


( 1 

'1 o' 

27rt^i 

ai(x) 0 

27ri^2 

'0 0 

Vi + I^l 

0 I 

1 + ICI 

0 0 

1 + ICI 

0 02 (x) 


/^Ko,c 


= 0 . 
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whose ( 1 , 1 ) component reads 


Since measure u]} 

^U.0,oo 

obtain 


1 27r£i , , \ 

+ . i.| Qi(x) ) = 0 . 


,1 + 1^1 1 + ICI 

is non-negative, we can separate its real and imaginary part in order to 


(5.1) 


1 + 1 ^ 


^Ko,o 


= 0 . 


= 0 > 


1 + 1 ^ 


where we have used the assumption that ai / 0. Since differs from zero on Ko,oo(R-'^) \ 51oo, 
from the first equation we get supp/.ij,l^ ^ C fl x Sqo. Similarly, from the second one we deduce 
supp/uj,!^ ^ C 11 X (So U {.^1 = 0}), so at the end we have 


(5.2) supp<^^ C 52 X {oo(0’-i),oo(0’i)}. 

Analogously, from the (2,2) component we get 

supp/rf^ ^ C 52 X , 

which by Corollary 2 implies that ^ oo ~ very definition of one-scale H-measures 

gives j 

Remark 9. If in the previous example we additionally have that (u^) is (e„)-oscillatory, then 
Corollary 5 implies x S^o) = 0, hence by (5.2) Mkqoo vanishes everywhere, which gives 

— )■ 0 in L^q^(52;C). As the product of a strongly and a weakly converging sequence, the 
convergence is now a trivial consequence. An example of such a situation is the case 

when is a sequence of oscillations, resulting in a solution oscillating at the same frequency 
as /^. Therefore, with an appropriate choice of the frequency, one obtains solutions satisfying 
the (en)-oscillatory property. 

Moreover, having an (e„)-oscillating sequence of solutions, we can remove the assumption 
ai / 0 in Example 5, since from the first equation in (5.1) we already have supp ^ C 52 x Soo, 
hence still oo ~ ™ special case when ai is trivial, this provides an alternative 

proof of Theorem 7 for the case / = 0. ^ 

The previous result is an example of a compactness by compensation theory, investigating 
conditions under which a product of weakly convergent sequences converges (in some suitable 
sense) to the product of corresponding limits. The theory was introduced by Frangois Murat and 
Luc Tartar (see [9] and references therein), first for constant coefficients and then generalised to 
continuous coefficients in [26] by means of H-measures (cf. [27, Cor. 28.11] and [14, Theorem 2]; 
some recent extensions can be found in [ 22 , 24]). Of course, the obtained results do not treat 
equations containing a characteristic length, which is now possible by the obtained localisation 
principle for one-scale H-measures. 

Theorem 12. (a variant of compactness by compensation) Let Un —^ u in 

satisfy (4.9), where A“ — ^ A“ in C(H; Mqxr(C)), let En O'*', and G Hjq™(H;C'^) he such 
that for any if G C[f’(52) 

1 + fen 

is precompact in L^(R‘^;C'?). Furthermore, let Q(x;X) := Q(x)A • A, where Q G C(52;Mr(C)), 
Q* = Q, is such that Q{--, u„)^^ n in A4(52). 

Then we have 
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aj (3 c G [0,oo])(V(x,|) G X Ko,oo(R'^))(VA G Ac;x 4 ) Q(x; A) ^ 0 u^Q{-,u), 

bj (3 c G [0,ooj)(V(x,^) G n X Ko,oo(R'^))(VA G Ac;x 4 ) Q(x; A) = 0 ^ u = Q{-,u), 
where 

Ac;x 4 :={AGC":pe(x,OA = 0 }, 
and Pc is given in Theorem 10. 

Dem. Let pkq oo be the one-scale H-measure associated to (u„ — u), with a characteristic length 
(ujn) such that lim„ ^ = c. 

The limit n we can express as a sum of Q(-;u) and the corresponding linear combinations 
of components of matrix defect measure lyn associated to (u„ — u). Namely, for an arbitrary 
(p G Cc(i3) we have 

(n, if) = (Q(-; u), (^) • uj), 

= {Q{--u),(p) + (q,- , 

where in the second equality we have used Corollary 4. 

We shall demonstrate that Q • ^ is a non-negative measure (or trivial measure in part 

(b)), which implies the claim. 

Let us introduce a non-negative Radon measure p := trpKo.oo = 1^1=1 f^Kooo' According to 
Corollary 2, for each i,j G l..r we have that Akqoo ^ P’ Lebesgue-Radon-Nikodym 

theorem there exists a measurable function M*-^(x, such that Akq p. Since Rko,oo is 

hermitian and non-negative, M := is also hermitian and non-negative. In terms of the 

matrix function M it remains to prove that for p-a.e. (x, we have Q • ^ 0 (or equal to 0 

in part (b)). 

By the localisation principle given in Theorem 10 (which remains valid for u 7 ^ 0 based on 
Remark 8 ) we have pc/x^^^ = 0, hence pcM^ = 0 (p-a.e.), which implies that for p-a.e. (x, 
the columns of M"'' are in the characteristic space Let us take (x,^) G If x Ko,oo(IL'^) 

arbitrary, but fixed. As M^(x,^) is hermitian, there is an orthonormal basis {^ 1 ,..., ^r-} of 
composed of eigenvectors of ]V[''^(x, ^), which are of course in Ac;x, 4 - Moreover, the non-negativity 
of M'''(x, implies that all eigenvalues are non-negative, therefore equal to ||M'''(x,L et 
us define 

Xi := Y^||MT(x,^)Ci||C*, iGl..r. 

We have Aj G Ac;x,^, i G l..r, and it is not hard to check that M^(x,^) = Yll=i Ai® Aj, so by the 
assumption it follows that Q(x) • M'''(x, = ^^(^(x; Aj) ^ 0 (or equal to 0 in part (b)). The 

arbitrariness of (x,^) gives us the claim. 

Q.E.D. 

Remark 10. Although the statement of the previous theorem is valid for all c G [0, 00 ], the 
interesting case is only c G (0, 00 ), as for the remaining ones the statement is trivial, at least for 
I < m. Indeed, in the case c = 0 we have po(x, ^) = 0 for ^ G Too, implying Ao;x ,4 = C’’ for every 
X. Similarly, poo vanishes for ^ G Sq, again resulting in Q ^ 0 (or equal to 0 in part (b)). ^ 

Remark 11. By splitting the matrix into hermitian and antihermitian part, we can generalise 
part (b) of the previous theorem to an arbitrary Q G C(II;Mr(C)) (cf. [14, Theorem 2(ii)]). ^ 

Going back to Example 5, we can obtain the same conclusion by applying the last theorem. 
Indeed, a straightforward computation leads to 

U Ai;x ,4 = {(Ai, 0) : Ai G C} U {(0, A 2 ) : A 2 G C} , 

and on that set quadratic form Q{X) := A 1 A 2 is zero. One needs to be aware that Q is not a 
hermitian form, but Theorem 12 remains applicable according to the last remark. 
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Concluding remarks 

We have shown that one-scale H-measures encompass features of both H-measures and semi- 
classical measures (Corollary 6 ), at the same time providing new properties (Corollary 5) and 
results. Namely, by improving and generalising Tartar’s localisation principle (theorems 10 and 
11, Remark 8 ), we have obtained a compactness by compensation result suitable for problems 
with a characteristic length (Theorem 12), opening a new approach for investigating partial differ¬ 
ential equations with a characteristic length. Moreover, a more detailed insight into the condition 
satisfied by the right hand side (4.3) leads to various useful properties (lemmas 6 , 7 and 10) and, 
more importantly, nice behaviour with respect to (en)-oscillatory sequences (Theorem 7) and 
the corresponding partial differential equations with a characteristic length (Theorem 9), so it 
seems to be the right choice for further studies. Of course, in applications a need for different 
scaling (e^) in different variables on the left hand side of (4.9) might arise, which can be partially 
overcome by the procedure presented in Remark 6 . However, a more systematic approach can be 
devised by introducing suitable variants [28] (see also [5] for problems without a characteristic 
length and the scaling 1 : 2 ). 

Further improvement might consist in deriving the propagation principle, as it was the case 
with classical [26, 1] and parabolic [5] H-measures or, on the other hand, with semiclassical 
measures [11, 12 , 17]. According to that principle, the measure propagates along bicharacteristics 
of a differential operator under consideration. By means of Corollary 5, its direct consequence 
in the case of a finite speed of propagation (i.e. for hyperbolic operators) will be (e„)-oscillating 
property of a corresponding sequence of solutions, under the assumption of (en)-oscillatory initial 
conditions. Further results will rely on generalisations of existing applications of the propagation 
principle to problems with a characteristic length, as it was done here with the localisation 
principle. 
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